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Abstract 

We construct a locally supersymmetric worldsheet formulation of a non- 
Abelian Ramond-Neveu-Schwarz (NARNS) string theory where the string co- 
' ordinates are noncommuting matrices in a group U{N). This is described by 

I the two dimensional supergravity coupled to supersymmetric Yang-Mills fields 

O 

00 ' and adjoint matters in the gauge group U{N). We show that our NARNS 

a^ ■ 

string theory has a free string limit where it becomes N-copies of usual RNS 
pi i' string which can be described by the orbifold conformal field theory corre- 

' spending to the covariant worldsheet version of the Matrix string theory of 

^ ■ Dijkgraaf, Verlinde and Verlinde. In the weak coupling limit, i.e. (7s — > 

' where gs is the coupling constant of our theory related with the Yang-Mills 

coupling as gy^f = ct'g^, a new additional dimension appears in the string 
spectrum and it can be speculatively interpreted as the compactified eleven 
dimensional coordinate whose dynamics is given by an orbifold 0(N) sigma 
model. 
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I. INTRODUCTION AND MOTIVATION 



The nonperturbative formulation of string theory needs a mysterious eleven dimensional 
M-theory which is a strong coupling limit of type IIA superstring theory and that 

its low energy limit is eleven dimensional supergravity which has membrane and M5-brane 
as fundamental degree of freedom as well as graviton. Though one is lacking an intrinsic 
definition of M-theory in terms of its underlying degrees of freedom, its mere existence led to 
many powerful predictions or simplifications of superstring duality 0. Major step forward 
was taken by Banks, Fischler, Shenker and Susskind (BFSS) whose conjecture is that M- 
theory quantum dynamics in the infinite momentum frame (IMF) is described by U{N) 
supersymmetric Yang-Mills (SYM) quantum mechanics 0]. One of the remarkable pictures 
of the BFSS matrix theory is that the spacetime coordinates live in a linear space of matrices 
which define so-called noncommutative spacetime geometry The classical commutative 
geometry is only sensible concept in a long distance regime. The matrix theory provides a 
natural and simple mechanism for the appearance of a noncommutative geometry at short 
distances 0. 

It has been shown that the BFSS matrix theory compactified on a tiny circle. Matrix 
string theory (MST), provides a nonperturbative definition of the weakly coupled type IIA 
string theory J^Q. The string coordinates of the MST are also matrices taking values in 
the non-Abelian gauge group although they become usual commutative C-numbers in the 
weak coupling limit which corresponds to the zero size limit of the compactified circle. The 
beautiful picture arises in the MST. It has a description of the Hilbert space of second 
quantized string theory p . The second quantized string is due to the residual discrete Weyl 
symmetry of the gauge group acting on the matrix elements within the Cartan subalgebra. 
In the BFSS matrix theory, this Weyl symmetry gives the conventional spin statistics on the 
states of the DO-brane Fock space 0]. 

Our motivation to construct a non-Abelian Ramond-Neveu-Schwarz (NARNS) string 
theory where the string coordinates are noncommuting matrices comes from this new picture, 



2 



"noncommutative spacetime geometry" . We think that there must exist a Lorentz invariant 
worldsheet formulation of MST which is a Green-Schwarz |0 hght-cone formulation. What 
is the NARNS string theory and how the NARNS string theory should be constructed? It is 
a generalization of the usual RNS string theory in the way that the string coordinates 
are noncommuting matrices in a group G, which depends on the worldsheet coordinate. 
Therefore the NARNS string theory is the two dimensional (2D) supergravity theory coupled 
to SYM fields and adjoint matters (string coordinates) in the gauge group G. 

Recently the noncommutative spacetime picture of string theory appeared in an inter- 
esting way as the form of spacetime uncertainty relation by Yoneya and Li . They argue 
that the spacetime uncertainty relation of the form AXAT > a' for the observability of 
the distances with respect to time, AT and space, AX, is universally valid in string theory 
including nonperturbative objects, D-branes and this relation can be derived as a direct 



consequence of the worldsheet conformal invariance. It implies that the fumdamental con- 
stant a' of Nature representing the string size has a fundamental significance as the constant 
c (Lorentz covariance) and % (quantum mechanics). If we innocently accept their argument, 
the spacetime probed by string should be a noncommutative object for short distances com- 
pared to the string scale Ig = \f(y' ■ Only for a' — limit, the classical geometry appears. 
This is an another motivation for our NARNS string theory. 

The organization of this paper is as follows. In Sec. II, we formulate the superspace of 2D 
supergravity coupled to SYM fields for the purpose of constructing a locally supersymmet- 
ric worldsheet formulation of the NARNS string theory described above. Our superspace 
formulation oi N = 1 SYM theory coupled to 2D supergravity is a new one up to our 
knowledge. In Sec. Ill, we explicitly construct the NARNS string theory and show that it 
has a free string limit where it becomes N-copies of usual RNS string. And we observe that, 
in the weak coupling limit, i.e. Qs ^ where Qs is the coupling constant of our theory 
related with the Yang-Mills coupling as (^y^j = a'gl, a new additional dimension appears 
in the string spectrum and it can be speculatively interpreted as the compactified eleven 
dimensional coordinate. In Sec. IV, we argue that the NARNS string theory is described by 



the orbifold conformal field theory (CFT) [|T3[, essentially second quantized string theory, 
contrary to the ordinary RNS string which has a first quantized description. In the Qs <^ 1 
limit with fixed a', the SYM part must be considered. Nevertheless, the full superconformal 
symmetry of the NARNS string theory is preserved in a particular configuration. In the 
limit, the additional degree of freedom interpreted as compactified eleven dimension in this 
paper is interestingly described by the orbifold 0(N) sigma model predicting that the size 



of this dimension increases in the ultraviolet limit and decreases in the infrared limit [|l4 
In Sec. V, we discuss many aspects of NARNS string theory. In Appendices, our conventions 
and some identities are listed and the details of the superspace formulation of 2D SYM 
theory coupled to supergravity are presented. 

II. 2D SUPERGRAVITY COUPLED TO SUPER- YANG-MILLS THEORY 



In this section, we will formulate the superspace of 2D supergravity coupled to SYM 
fields for the purpose of constructing a locally supersymmetric worldsheet formulation of a 
NARNS string theory where the string coordinates are noncommuting matrices in a compact 



Lie group G. We will closely follow the Wess and Bagger |]T5| on the superspace and Howe 
||T6| on the 2D supergravity. 

The 2D superspace has two kinds of supercoordinate indices, a curved index M = 
{m,n] fi,^) and a tangent index A = {a,b;a,l3). The coordinates of superspace, = 
(cr'", 6^), obey the following multiplication law: 

^M^N ^ (_)™n^Af^M_ (2.1) 

At each point in superspace the one-form basis E^{z) define a local reference frame: 

E^ = dz^EM^{z), (2.2) 
where superzweibein Em^{z) is an arbitrary invertible superfield, 

Em''{z)Ea''{z)=6m'' 

Ea^\z)Em''{z)=6a''. (2.3) 



The exterior derivative may be written in terms of the differential operator in the local frame 



d = dz^^ = E^D^, (2.4) 

where 

Da = E^^. 
The tangent frame E"^{z) is locally Lorentz covariant: 

6E^{Z) = E''Lb^{z), (2.5) 
where the Lorentz generators Lb"^ have two irreducible components: 

Lb^{z) = L{z)Sb^ 

Sb^={ . (2.6) 
V i(75)„V 

To define covariant derivative on 2D Lorentz group we must introduce a connection form 

nB^ = ^£B^ = dz^^M,B ^, (2.7) 
transforming as follows under the Lorentz group: 

6n = -dL. (2.8) 
The connections allow us the covariant derivatives, for example, for a one-form V, 

VV = dV + Vn. (2.9) 

Then the torsion two-form, T"^, is defined as the covariant derivative of the vielbein and the 
curvature two- form, Ra ^, in terms of the connection: 



= VE"^ = dE^ + E^n 



B 



^E^^E^T^c, (2.10) 



c 

^E^'e'^Rcda''- (2.11) 



They satisfy the Bianchi identies, 



VT^ = E^Rb ^ 

A 



VRb'' = 0. (2.12) 
The 2D Lorentz group structure, Eq.(|2.6|), allows us to make the simplication 



Ra^ = FSa^; F = dQ. 

In order to formulate 2D supergravity coupled to = 1 SYM theory, we must introduce 
a Lie algebra valued one-form: 

A = cIz^^Am = E^Ab, (2.13) 
AB = A^T^ r = l,---,dimG', 

where the matrices T are the hermitean generators of the structure group G. Under a local 
structure group represented hj U = e*"^ where the gauge parameter X is a scalar superfield, 
the gauge connections transform as 

A' = U-^AU -iU-^dU (2.14) 

and we can define gauge covariant derivatives as before 

V(f) = d(f)-igYM{M±A(j)) (2.15) 

for a superfield (j) in the adjoint representation of the group G. Here + is for odd form (j) 
and — for even form. The curvature two-form tensor which can be constructed from the 
connection and its derivatives is defined as follows 

F = Uz^'dz'^Fj.M = Ie^'E^Fba 

= dA-igYuA^, (2.16) 

which covariantly transforms under the local structure group 

F' = U^^FU. (2.17) 



The curvature tensor, "field strength" , may be then read as the component form 

Fbc = VbAc - {-^VcAb + igYM{ABAc - {-f^AcAs) + TEcAd- (2.18) 

As in the Eq.(^TT^), the field strengths introduced above similary satisfy Bianchi identities 
by virtue of their definition in terms of 'potentials': 

VF = dF -igYM{FA- AF) = (2.19) 

in component form, which are 

A[^Fbc} + T^AB '""Fdio = 0, (2.20) 

where [ } represents graded antisymmetrization and the derivatives A^Fbc = ^ aFbc — 
O^A^B ^Fdc — ^A,c ^Fbd are the gauge and superspace covariant derivatives. 

As the four dimensional case, we take the proper constraints on supertorsion to reduce 
the number of component fields, which must be Lorentz covariant, gauge covariant, and 
super symmetric and should not restrict the a-dependence of the component fields |jl5|: 



= 2^(7%/., n,=n. = Q. (2.21) 

One can solve the Bianchi identities (|2.12|) subject to the constraints ( p.21|) p| and find that 
all the components of the curvature and the torsion can be expressed in terms of one scalar 



superfield S |jT6[. Thus the supergeometry can be determined by the Bianchi identities and 
the torsion constraints. 

In order to eliminate the gauge degrees of freedom coming from the super- 
reparameterization and local Lorentz transformation, we impose the proper conditions on 
the superzweibein and the connection, so-called, Wess-Zumino gauge [O. The component 



fields can then be derived from the superfield language in terms of their 9 expansions |16 



^In fact, it can be showed that, for the choice of the tangent space group made here, the second 
Bianchi identity is derived from the first through its covariant derivatives, so that it is sufficient 
only to solve the first one. 



Em'' = em'' + %Hxm + -^QQe^A, 

Em'' = \xm'' + ^^^(75)^"^^ - \B^{lm)^''A + '-QQ^-l^m'' A + ^(t™)"^^/?), (2.22) 

i?/ = ie\i''W. 



and 

i- 1- i - \ _ 

^m = ^ni- -jdlbXmA - -6*757^^/' - -99{UmA + 66^ "c?n^ + 2Xn757m7"^)) 

= -'-e\l,)x,A, (2.23) 
1 i 

= -emae^'^dnCl " + -Xm757"Xn, 

e 2 
2i 1 2 

Here A and ijj are the first and second components of tfie curvature superfield S, 

s = A + eiij + ^eec 

C = —e^'^dmU^n - ^^"'''Xml.XnA - \xml'^^ ' \a\ (2.24) 

and e = |detem°|. Tlie superdeterminant must be introduced to construct invariant actions 
from superfields and can be calculated from superzweibeins, Eq.( |2.22|) 



E = sdetEM ^ = e(l + '-h'^Xm + -,09 A - \ee—Xml,Xn). (2.25) 

2 4 8 e 

The superspace transformations are constructed from the super-reparameterization and 

local Lorentz transformations of superspace. The infinitesimal changes in the vielbein and 

the connection under the superspace transformations are given by 

^Em ^ = ^^SnEm ^ + Om^'^En ^ + Em ^Lb ^ 

sQm = ^""dNnM + dM^'^nN - OmL. (2.26) 

From the superspace transformations of E^ ^ and one finds that the transformation 
parameters and L can be decomposed as the following forms [iH 



e = c^'- ^^^(75). 'I + ^«7"^X™^ - loOari'^XnXm' + '-eeic^l^in'^m, (2.27) 
i 1 - i - 1 - 

where (/, a, I) correspond to coordinate, local supersymmetry and Lorentz transforma- 
tions respectively. The supersymmetry transformations for the supergravity multiplet 
(cm", Xm, A) may be read off and one finds 

5e^" = ia7"xm, SXm = '^.V^a + ^7™"^, ^A = a^, (2.28) 

where T>ma = dmO. — ^uJml5C( is the covariant derivative of the spinor a. 

In order to formulate the 2D SYM theory in superspace need some constraints 



eliminating superflous components in the superfields Ab{z), which are analogue of the su- 
pertorsion constraints ( |2.21|) in the supergravity sector. According to the definite analogy 
between 2D and 4D gauge theory, one may choose the constraints as = 0. However 



we will find that the Bianchi identity (|2.19| ) together with these constraints makes the 2D 



SYM theory trivial. In order to construct an appropriate nontrivial superspace, we instead 
impose the alternative constraints on the theory as follows: 

{laT^'F^p = 0. (2.29) 

Note that the above constraints can be solved by introducing the scalar superfield W 

Fap = {l^)apW{z). (2.30) 

Then the Eq.( p.l8[) implies that the scalar field strength W{z) is represented in terms of the 
spinor potentials: 

W{z) = -{^^Y^iV^Ap + igYuA^Ap). (2.31) 



Now one can similarly solve the Bianchi identity ( 2.19| ) or ( 2.2CI|) subject to the con 



straints ( |2.29|) and find that the Yang-Mills mutiplet can be expressed in terms of one spinor 
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superfield ^^(-z).^ The detailed solutions of the Yang-Mills Bianchi identity and the su- 
perspace formulation of 2D SYM theory coupled to supergravity will be presented to the 
Appendix B. 

The spinor superfields Aa{z) correspond to the Yang-Mills vector multiplet in the adjoint 
representation of the gauge group U (N) and are expanded as 

A^{z) = r]^{a) + i{Y''0)a9m{a) + e^^^) + tM)o.<P{a) + heb^{a), (2.32) 

where 

5'm(0-) =Vm- ^XniV, 

ba{cr) = (2A - ^7"'7"Xm^n, - il'^^mV + ip'^Xmn - ^Ar] + gYAn5[(p, V])a, 

where AmTj = dmV ~ ^^mlbV + igrMivm, v]- The gauge transformation on Aa{z), Eg. ( p.l4| ), 
is given by 

SxA^iz) = E^'^'idMX + tgYM[AM,X]), 

= EJ'VmX, (2.33) 

where the scalar superfield X{z) is a gauge parameter of U{N): 

X{z)=u{a)+zeaa)+'-9ep{a). 



As shown in the Appendix B, the Wess-Zumino (WZ) gauge [|T5|, rj = n = 0, can be chosen 



by using the gauge freedoms ( and p and in this gauge the transformations ( p.33|) of the 



component fields Vm, 0, and A reduce to the ordinary gauge transformations, so that they 
correspond to the Yang-Mills gauge field, adjoint scalar, and their superpartner, gaugino, 
respectively. 



^In fact, it is not necessary to solve the Bianchi identities because, by solving the constraints 
( |2.29| ) directly, we can easily determine the vector potential Am{z) in terms of spinor potential 

Aa{z). 
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Next we consider the superspace transformation of the superfields Aa{z) defined as [|T5 



SA^iz) = ^""dMA^iz) - ^{^,)jAp{z)L{z). (2.34) 

Since the above superspace transformation does not preserve the WZ gauge 1] = n = 0, the 
gauge parameter X{z) should be field-dependent and decomposed as the following form in 
order to preserve the WZ gauge 

X{Z) = Uj{ct) + la^^QVm + %a^^H + ]fe{a\ - ^«7'"7"Xm^n + ^«757'"Xm0). (2.35) 

In the WZ gauge the superfield AfJ^z) has the following component expression: 

A^[^z) = i{j"'9)^vU(r) + z(75^)a0(a) + ^^^(A - ^7™7"Xm^n)a(^). (2.36) 

The supersymmetry transformation (|2.34|) for the Yang-Mills multiplet {vm, 0, A) becomes 
covariantized transformation in the WZ gauge and can be determined as (see Appendix B) 

t % 

5vm = ia-f'^X - -a-f^oXm(f> - ^a757"7mXn(/', 

S(f) = ia'y^X - -a'y'^Xm4>, 

1 1 — % — i — 

6X = -7''"7"a(t;„m + -X'JrnXn - -X'^nXm) + 757"'a(Vm</) + -A75Xm) (2.37) 

1 1 i _ 

+ 2^57"(^^ma - -7ma^)0 + -a75A 757"'Xm 

+ Y^Xn757"7"7'Xm 7i«0 - ^Xn7"7"'Xm 75^0, 
where Vnm = dnVm — dmVn + WymIvu^ ^m] IS the Yang- Mills field strength. 



III. NON-ABELIAN RAMOND-NEVEU-SCHWARZ STRING THEORY 

According to the motivations mentioned in the Introduction, we will now try to construct 
consistent worldsheet formulation of RNS string theory where the "spacetime coordinates" 
of strings are treated as non-commuting matrices. Our string coordinates X^{a) are N x N 
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hermitian matrices in the adjoint of an U{N) group, earring also an SO{D — 1, 1) vector 
index / = 0,l,---,D-l.g 

In order to obtain a desirable formulation for the NARNS string, the adjoint matters in 
the gauge group U (N), playing a role of matrix string coordinates, need to be introduced. Of 
course, this adjoint matter couples to the SYM field as well as the worldsheet supergraviton. 
We thus introduce worldsheet scalar superfields V\z) in the adjoint representation of the 
U{N) group, which have the expansion: 

V\z) = X\a) + ie^\a) + ^-eeF\a). (3.1) 

Note that the worldsheet spinor ip^cr) is an SO{D - 1, 1) vector like as X^{a). Under the 
superspace transformation, V\z) changes as follows: 

5V'{z) = ^^OmV + igYM[V\X] 



with the gauge parameter X{z) given by Eg. ( p. 351) . Inserting the explicit form (|2.27|) for 
one finds the supersymmetry transformation law for the component fields: 

5X^ = iai/j^ 

5ij' = ^""aiVmX' - '-Xra^') + aP' + %gYMl^o\^. (3.2) 
We endow our system with the natural metric which is invariant under U{N) x SO{D — 



1,1): 



= j (fagijTr{5X^5X-^) (3.3) 
where gu is the Minkowski metric of the embedding space with signature (D-1,1). 



^In next section we will give the reliable evidences that the critical dimension of the NARNS 
string is also 10 in a special limit. 
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Under the metric (|3.3|), the gauge invariant locally supersymmetric worldsheet action is 
then given by 

Iws = ^J d^zEgjjTr{Ea ""VmV' E'^'^VnY'), (3.4) 

where (fz = dPadOdO is the superworldsheet volume and V = duV^ + WymI^m, V^]- 
The coupling constant Qym should be proportional to the string tension as \/T =1/ \j2'Ka' 
for a dimensional reason. Thus we introduce the dimensionless coupling constant gs as 

— 2 2 / 2 

9ym = 9 = ag,. 

Then the weak coupling is characterized by the condition g"^ = 2iTTgY\j <C 1. 

In Sec. II, we observed that the spinor superfields Aa{z) may be viewed as the supersym- 
metric generalization of the Yang-Mills potentials. To construct the corresponding SYM 
theory, we need a gauge covariant supersymmetric field strength related with the usual 
Yang-Mills part. It is easily confirmed that this object is given by the covariant derivative of 
the superfield W in the Eq.(|B7|). Hence we can easily write down the SYM action coupled 
to 2D supergravity: 



\ [ d'^zETr{Ej^VMWE''^VNW). (3.5) 
8 J 



We must emphasize the fact that the "super Euler number" defined on a super Riemann 
surface M. reduces to the standard Euler number 

X{M) = ^ / d^zES = ^ / rfVei?, (3.6) 

where R = ^-^dm'^n is the curvature of the connection ujm in Eq.( |2.24] ). This action contains 



no term involving the auxiliary field A unlike the higher dimensional supergravity We 
will not consider the 2D pure supergravity action ( p.6| ) since it is a total derivative and so 
have no dynamics. 

From the Eq.( |3.4] ) and Eq.( |3.5| ), one can obtain the corresponding worldsheet action for 
the NARNS strings 
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o ^9 9 

5( 4^1 4 2 

-^^""V^^V.^ + ^^7A757'"Xm - I^X"" - |A757"7'"Xn V^c^ 

-^A757'"7"^^mXn - ^Xn7"757"^A„A - ^Xp7"x" 0V„0 + ^Avcj) 

+ ^Xp7'7"'7'"D^Xn 00 + ^Xm7"7"^Xn AA - ^Xn7"^7"Xn^ ^00 

32 - i 1 

+ Y^A757'"Xm ^0 + — C/Xn7"7"'Xm ^^0 + ^Xm7"7"'Xn X^Xp 00 

+ |r Xm7"7'"Xn A757^Xp + ^^'00 + -A75A 0}, (3.7) 
o4 6 g 

where t; = h'^'^Vmn and X>mXn = CnaP^x" = enaidmX" - \'^ml^X°' + lOrat^'^Xh)- The action 
( p.7| ) is automatically invariant under supersymmetry transformations, Eg. ( p.28| ), Eg. ( p.37] ), 
and Eg. (p.2|) (up to total derivatives) because it was derived from a superspace formalism. 
The Yukawa type interaction, 9ym^15^ 0? in Eg.( p.7| ) is the only term coming from the com- 
mutator in Eg. ( ^.5] ). The Yang-Mills coupling qym has been absorbed in the normalization 

of Vrr, : f ' 



QYM ■ 



In two dimensions, the Yang-Mills gauge fields themselves have no propagating degrees 
of freedom - there are no gluons. This does not make the theory trivial, but the gauge 
field interactions give rise to a confining potential for colored objects [0. In addition, the 



SYM multiplet in two dimensions contains genuine dynamical degrees of freedom in the 
adjoint representation. Thus 2D SYM theory may reveal nontrivial physical spectrums such 
as nonperturbative vacuum structures [|18[. Although all this is true, the SYM action ( p.5|) 
is at most order of a' compared to the worldsheet action (|3.4|) . In infrared (IR) limit, i.e. 
a' — > with fixed Qs, the SYM part can be thus ignored. It is important to observe that, 
in this limit, the SYM action ( |3.5| ) is strongly coupled and we expect a nontrivial CFT to 
describe the IR fixed point. 

It turns out that we can find this CFT description via the following rather naive rea- 
soning. We first notice that, in the a' — limit, the potential terms comming from the 
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commutators in the NARNS string acton ( |3.7| ) effectively turn into constraints, requiring all 
the matrix fields in the adjoint representation of U{N) to commute.^ This means that we 
can write the matrix coordinates in a simultaneously diagonalized form 

= U'^diag{xi,---,x^j^)U (3.8) 

with U G U{N). Here U and all eigenvalues can of course still depend on the worldsheet 
coordinates. In this IR limit our NARNS string theory has a free string limit where the 



usual RNS string theory is recovered and it becomes N-copies of usual RNS string |20 
T 

1 



^RNS 



Xm7"7™XnV^W + W), (3.9) 



where a = 1, ■ ■ ■ , is a Lie algebra index belonging only to Cartan subalgebra of U{N). This 
action is invariant under general coordinate transformations, local Lorentz transformation, 
local supersymmetry transformations, Eq. (|2.28|) and Eq. (|3.2| ) (with qym = 0), and Weyl 



transformation, under which the fields rescale as follows (A = A (a)) 

ri-^^'"^ri, F^^k-'Fl ej^kej, Xm - A'^'Xm- (3.10) 
Furthermore the action is invariant under the following transformation 

Xm Xm ~l~ TmX; (3-11) 

where x('^) is an arbitrary Majorana spinor. Using these eight gauge degrees of freedom, 
and Xm can be completely gauged away. In other words, we may choose the superconformal 
gauge, em"" = and Xm = pOl. Through the equation of motion of the auxiliary field 



F/, we then arrive at the gauge fixed Polyakov action ||21| whose quantum theory is given 
by superconformal field theory (SCFT) 



^Although the constraint [</>, X^]^ = does not necessarily imply [</>, X^] 
SO{D — 1, 1) metric gjj, we will ignore the possibility. 
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= because of the 



/p = I / rfV(7"(-r/'""5^x?9„x} - 2^?7'"a™V'j), (3.12) 

where 77"*" is a flat worldsheet metric. 

It is interesting to observe that, in the Qs hmit with fixed a', the SYM action ( p.5|) 
is invariant under a Weyl transformation that rescales the fields according to 

0^0, A^A-i/'A, v^^Vm (3.13) 

together with the super Weyl transformation of Em which consists of the last two equations 
in Eg. (13.101) and A A^^A |16|. This fact can be most easily understood as following way: 



Since the terms involving with Vmn vanish in the limit, the superfield W in Eq. (|3.5|) exhibits 
the same behavior as the superfield in Eq. (|3.4| ) under the conformal transformation 
( p.l3| ). In addition, the Yukawa type interaction which breaks the conformal invariance 



vanishes in the limit because the gaugino A and the scalar should align in the direction of 
Cartan subalgebra of U{N). Then the behavior of the SYM action under the super Weyl 
transformation is exactly the same as the action ( p.4| ), which is superconformally invariant 
as proved by Howe [Q. This implies that the Weyl symmetry is preserved at least up to 
a' order provided that the SYM multiplet scales as the Eq. ( |3.13| ). But the transformation 
( ^.11| ) is no more symmetry of the action ( p. 5] ). It will be showed that this symmetry is 



recovered at a particular situation. 

When the SYM action in the Qs ^ limit is considered, we can use the only six gauge 
degrees of freedom f\ and so may choose the gauge = ^m" and Xm = ImX- In this gauge, 
the NARNS string action (|3.7| ) becomes 

+2W(-ir/'"'^V^0V„0 - ^A7"^V^A (3.14) 
—Xl'^dmX <P<P + |a75X A<P + ^A^ 



^Although the NARNS string theory definitely has an additive U{N) gauge symmetry, we would, 
for the present, keep the U{N) symmetry. 
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Note that, in the hmit Qs ^ 0, all the matrix fields in the action (|3.14]) except the Yang- 



Mills gauge fields Vm still take the diagonalized form such as in the Eq. (|3.8| ). In order 
to remove the auxiliary field A, we use the equation of motion for A 

3i - 

A = -— A75X 0/00. 
Then the action Iweak reduces to the following form 

Iweak = tJ d^aTr{^g''{-r]"'^VmXjVnXj - #n"'V^^j) 

+2W(-^r/'""V^0V„0 - '-h'^V^X)} (3.15) 
T r Q 



+ - J dV2WTr(-zx7"5mX 00 + j^XX AA), 



where A = A'^0", 0° = 0'^/v^00. As usual, we have the constraints comming from the 
equations of motion for the zweibein and gravitino due to the above gauge fixing: 

1 - - i 

Tmn = -Tr{VmX^S/nXi + #^7(mV„)?/'/ + 27ra'(Vm0V„0 + iA7(„V„)A + -xi(mdn)X 00)} 
Z o 

- ^7]mnTr{V^X'VpXi + i^p'Y^piJi + 27ra'(VP0Vp0 + iXY^pX)]. (3.16) 
Fm = ^Tri-f^'j^ij' VnXi) + ^7r«'Tr(32757"7mA V„0 - 2zd^^^ + i^iml'^dnX 0' + ^AA x)- 

The superconformal generators, Tmn and F^, no loger satisfy the tracelessness property 

= 17^X7"^5mX 00, 

lo 

7™F„ = 2W(^7'"X 5r.0' + -^I'^dmX 0' + ^7'"X ^A). (3.17) 

This is due to the fact the NARNS string action in the Qs ^ ^ limit does not have the 
symmetry (|3.11| ), thus full superconformal symmetry. 



We would like to seek the particular situation for the superconformal symmetry of the 
NARNS string to be recovered. In order to satisfy this requirement, we must have the 
conditions, = j^^Fm = 0. Interestingly, this can be achieved if only the following 
conditions are fufilled 

A = A''0'^ = 0, 02 = 0"0" = constant, (3.18) 
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and together with the Dirac equation 7™'(9mX = 0- order for the constraint A°0° = 
not to completely break the worldsheet supersymmtry (|2.37| ), we should have an another 
condition 

r A" + \xx rr = 0. 

Together with the condition ( p.l8| ), this implies that the gaugino and the scalar field must 
parallely align in the U{N) group space: 

X'^ = ±^xr- (3.19) 



When the condition ( p.l9|) is satisfied, we arrive at a configuration to recover the supercon- 
formal symmetry 

A'^ = X = 0, 0^ = = constant. (3.20) 

Then the scalar field in the Yang-Mills multiplet becomes a singlet with respect to the 
worldsheet supersymmetry, i.e. 6(j) = 0, and behaves as a modular parameter of the theory. 

Let us give some remarks for this interesting phenomenon. First, notice that the SYM 
gauge theory in two dimensions can be obtained by a dimensional reduction from the SYM 
gauge theory in three dimensions. The adjoint scalar field can be understood as the com- 
ponent of the gauge field in the compactified dimension. Note that the Yukawa interaction 
in the Eq.( |3.7| ) is nothing but the gauge interaction in this compactified extra dimension. 
Second, from the Eq.( |3.15| ), we observe that the scalar field in the Yang- Mills multiplet 
shows the same behavior as the string coordinates , i.e., it behaves as if it is an another 
coordinate of the string. If we would interpret the scalar field as the field living on a some 
compactified dimension, we can introduce a new coordinate along this compactified direction 
as 



Xd+i = (p. (3.21) 



If the Abelianized string theory ( |3.9| ) is defined in the ten dimensions, the coordinate Xd+i 
in the Eq.( p.21| ) should be involved with the eleven dimensional coordinate. Then the 



condition (|3.20|) constrains that the eleven dimensional coordinate Xd+i should be defined 
on an (N-l)-dimensional orbifold S^~^/Sn, where the orbifold group Sn comes from the 
discrete Weyl symmetry of U{N). It is prudently expected that our NARNS string theory 
has the natural M-theory interpretation and is related with the Matrix string theory. 



IV. NARNS STRING AS MATRIX STRING THEORY 

In the previous section we showed that our NARNS string theory in the a' —>■ limit 
with fixed Qs has a free string limit where the usual RNS string theory is recovered and 
it becomes N-copies of usual RNS string. And we observed that, in the weak coupling 
limit, i.e. Qs —>■ 0, a new additional dimension appears in the string spectrum and it can 
be speculatively interpreted as the compactified eleven dimensional coordinate. In this 
section, we will argue that the NARNS string theory in the a' ^ limit with fixed Qs 
can be described by the orbifold conformal field theory, which seems to correspond to the 
manifestly covariant worldsheet version of the MST of Dijkgraaf, Verlinde and Verlinde 
(DVV) 1^. And we observe that, in the weak coupling limit, i.e. Qs —>■ 0, the dynamics of a 
new additional eleven dimensional coordinate is given by an Siv-orbifold 0(N) sigma model. 
Our speculation in this section are preliminary and conjectural. We hope our conjectural 
speculations to be completed by the detailed analysis in the near future. 

Let us recall the M(atrix) formulation of M-theory by BFSS and Matrix string theory 
by DVV 1^. Consider an M-theory excitation on x 5*^ with finite mass m which satisfies 
a Lorentz invariant eleven dimensional dispersion relation 

- P^^Pm = E^~ Pl^ -Pl = (4.1) 

where the eleven dimensional momentum Pn along the circle with radius Ru should be 
quantized as Pn = N/Rn. In an IMF boosted along the S^, Pu oo, and a particular 
decompactified limit, i.e. Pu oo, the dispersion relation ( [4.1| ) with the eleven dimensional 
Lorentz invariance effectively reduces to the transverse 9-dimensional Galilean dynamics: 
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H^ = E-P,, = (4.2) 

This relation implies that M-theory quantum dynamics in IMF may be captured by the 
quantum mechanics of particles with the mass m = Pu. What is the M-theory object on 
X S*^ carrying the mass Pu? According to Witten 0, we see that this is just a DO- 
brane, Kaluza-Klein excitation along the eleven dimensional circle S*^, whose IR dynamics 



is given by the super- Yang-Mills quantum mechanics |22] defined in 9 space dimensions 



(X*, i = 1, ■ ■ ■ , 9). Thus the following conjecture can be made: 

M-theory quantum dynamics in IMF is described by the DO—brane quantum mechanics. 

This is exactly the BFSS conjecture Q which almost has passed many nontrivial tests so 
far. 

What Witten has shown is that the strong coupling limit of type IIA superstring theory 
should be identical to the M-theory on x [§. According to this ficture, if we consider 
the BFSS matrix theory more compactified on a circle of radius Rg along the direction, 
and if we think of dimension 9 rather than dimension 11 as the M-theory compactification 
direction to get the type IIA theory, the SYM theory in two dimensions should provide a 
light-front description of the type IIA string theory according to the duality relation [^] 

IIA ^MonS^^ M{atrix)onS\ (4.3) 

where the radius Rg of the dual circle is related by Rg = l/27TRg. Since the dimension 9 
is the M-theory compactification direction, the fumdamental objects which carry the light- 
front momentum = N/Ru are no longer DO-branes, but rather strings. Thus this gives 
the DVV description on MST |^, namely that 2D Yang-Mills theory in the large N limit 
should correspond to light-front type IIA string theory which is given by a sigma model 
on the orbifold target space (R^)^/5'iv as Rg 0. The Weyl symmetry is the discrete 
remnant of the gauge group U {N) acting within the Cartan subalgebra, indicating that the 
string bits, partons carrying a minimum unit of light-front momemtum, should be treated 
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as indistinguishable objects. One particularly nice picture of MST comes in following way. 
Since the string configuration may respect the residual gauge symmetry if we go around 
the space-like 5*^ of the worldsheet, the matrix configuration need not be periodic in a. The 
matrices X*(0) and X*(27r) can be related by an arbitrary permutation. The lengths of the 
cycles of this permutation determine the numbers of string bits, which combine into long 
strings whose longitudinal momentum p"^ = n/Ru can become large in the large N limit. 
The twisted sectors of this theory correspond precisely to the sectors where the string bits 
are combined in different permutations. 

We want to construct a theory with "space-time" Poincare symmetry as well as U{N) 
gauge symmetry. The Poincare symmetry for the matrix coordinates {Xj} means the global 
SO{D — 1, 1) symmetry plus the translations acting on the matrices Xj by Xj Xj + 
O'l ■ Inxn- The NARNS string action ( p.7|) manifestly has this global "space-time" Poincare 
symmetry. The motion of the center of mass of the system associated with the global shift 
Xj Xj + TrXj/N ■ Inxn comes from the U{1) part by separating off the trace part of 
U{N), i.e. U{N) = U{1) x SU{N). Thus SU{N) matrices describe the relative motion of 
the system 

In this section we take string unit a'=2 and the two dimensional worldsheet is taken 
to be a cylinder parameterized by the coordinates (r, cr) with a between and 2tt. The 
light-cone matrix coordinates are defined to be X^ = -^{X^ ±X^~^), ip^ = -^{ip^ 
and X\ ip\ i = 1, ■ ■ ■ , D — 2 and the scalar product in terms of light-cone components is 
V-W = -V+W - V'W+ + V'W\ 

In IR limit, i.e. a' — with fixed where qym oo, since the 2D Yang-Mills 
theory is also a confining phase ||T9[, only observable entries, that can escape the confining 
potential, are diagonalized matrix fields. Thus the usual spacetime picture emerges when 



^We have taken the string unit a' = 2. Here the a' — > limit means that the typical length scale 
under consideration is very very large compared to the string scale a' = 2. 
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all of the Xj commute with each other, hence can be simultaneously diagonalized as the 
indistinguishable A^— tuple points = diag(a;^). In this limit, the SYM part disappears 
in the string spectrum and the U{N) gauge symmetry is generically broken down to U{1)^ 
with the Weyl group, the residual discrete symmetry of the gauge group, acting on the 
eigenvalues in Eg. ( ^.81 ). Therefore the light-cone SCFT of the Polyakov action ( p. 121 ) is 



given by the N-tuple transverse fields x", ipf, i = 1, ■ ■ ■ , D — 2, a = 1, ■ ■ ■ , N which define 
the orbifold target space given by the symmetric product space 

5^R^-2 ^ (Ri^-2)7V/5^, (4 4) 

Since the NARNS string theory in the IR limit is also described by the S'Ar-orbifold CFT, we 
can follow the exactly same route taken by p4| and P], keeping in mind some issues such as 
the GSO projection ||25| and the level-matching condition discussed later. In the Ref. 



p^ , it is shown that this orbifold conformal field theory exactly corresponds to a second 
quantized string theory on the space R"^^^ x S^. Based on the exact equivalence between 
a second-quantized string spectrum and the spectrum of a 2D ^iv-orbifold sigma model, 
this correspondence is more elaborated in |Q] as Matrix string theory described above. In 
this correspondence, the Hilbert space of the orbifold conformal field theory is decomposed 
into twisted sectors Hg labeled by the conjugacy classes [g] of the orbifold group Sn- The 
conjugacy classes [g] are characterized by partitions {Nn} of N 

J2nNn = N, (4.5) 

n 

where denotes the multiplicity of the cyclic permutation (n) of n elements in the decom- 
position of g 

[g] = {lf^{2f-...{sf'. (4.6) 

In each twisted sector, one must further keep only the states invariant under the centralizer 
subgroup Cg of g, which takes the form 



= n Sn^ X Zn"- (4-7) 

n=l 
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Here each factor permutes the Nn cycles (n), while each Z„ acts within one particular 
cycle (n). Thus the total orbifold Hilbert space takes the form 

?t:(5^R^-2) =07^^^ (4.8) 

[g] 



where Cg invariant subspace Ti^" can be decomposed into the product over the subfactors 



[n) of A^„-fold symmetric tensor products of appropriate smaller Hilbert spaces Tif^^ 



= (g) s^'-nf-y (4.9) 

n>0 



The Hilbert spaces Ti^^") in (|4.9| ) denote the Z„ invariant subspace of a single string on 
R"^"^ X with winding number n. We can represent this space using n coordinate fields 
Xaicr) G R"^^^ with the cyclic boundary condition 

Xa{a + 27l) =Xa+l{cT), (4.10) 

for a G {!,■ ■ ■ ,n). We can glue the n coordinate fields x{a) together into one single string 
field x{a) defined on the interval < a < 27m. Hence, the oscillators of the long string that 
generate Ti^"^ have a fractional 1/n moding relative to the string with winding number one. 
The group Z„ is generated by the cyclic permutation 

UJ:Xa^Xa+l (4.11) 



which via (|4.1(]| ) corresponds to a translation a ^ a + 27i. Thus the Z„-invariant subspace 



consists of those states for which the fractional left-moving minus right-moving oscillator 
numbers combined add up to an integer. 

In the ^iv-orbifold CFT, the twisted sectors of the orbifold corresponding to the possible 
multistring states are all superselection sectors unless string interactions are introduced that 
generate the elementary joining and splitting of strings. Thus the GSO projection summing 
over all possible spin structures for the string amphtudes independently applies to each 



string in each superselection sector. This projection is performed separately on left and 
right movers because the states of the closed NARNS superstring are direct products of the 
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Fock space states for the right and left movers. This degree of freedom gives us two types 
of string theory, i.e. type IIA and type IIB string theories. Then our NARNS string theory 
impartially should provide the matrix formulation of both type IIA and type IIB string 
theories. Since each string with lengths n is the same as the usual RNS strings with same 
lengths, this reasoning then leads to the important conclusion that the critical dimension of 
the NARNS string theory in the IR limit is also 10 in which case super conformal symmetry 



is manifest even in the quantum level [£T|. So we will restrict to the case D=10. 

Let us compactify the light-like coordinate X~ = ^(X° — X^^^) on a circle of radius 
R, which is essentially taken to infinity in order to obtain a uncompactified limit. In this 
case the conjugate momentum is quantized as p"*" = N' / R with N' being integer valued. 
This step introduces the twisted sectors corresponding to strings wound around the peori- 
odically identified coordinate X~, each describing a set of noninteracting strings of length 
proportional to the carrying light-front momentum n/ R satisfying Ni + 2N2 ■ ■ ■ + nNn = N'. 



For an instructive discussion on discrete light-cone quantization of string theory, see |^ 
Until now, it seems that there is no relation between the light-front momentum N' and the 
dimension of gauge group N. But, according to the string bit or parton picture, considering 
the fact that the lengths n of the individual strings specifies its light-cone momentum and 
the string Fock space is characterized by an integer N' satisfying ^n^^n = N', it is reson- 
able to identify N with N'. The invariance under Z„ implies that xj"'' — is a multiple 
of n where are the usual oscillator level numbers of the strings with lengths n 

ip. In the limit N 00, we obtain the usual level matching conditions Nj^^ — Nj^^ = 
since all the string states for which Nj^^ — Nj^^ 7^ becomes infinitely massive at large N 
and a' — limit. 

Now we will consider an another limit, — > limit with fixed a', where the SYM 
part cannot be ignored. In the previous section, we showed that the configuration ( |3.20| ) 



preserves the full superconformal symmetry, so the superconformal gauge fixing can be made: 
= ^m" and Xm = 0. In addition we will fix the U{N) gauge symmetry as Vm = 0. In 
this gauge the action ( p.l5|) takes the CFT limit 
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IcFT = / d^aTrid'^X'dmXi + #^"^9^^, + ^d^4>dm4>] (4.12) 
Stt J 

with the generators 



rp _ rpOCFT _|_ TnS'^-l 



= ^Tr{dmX^dnXi + i^lj^-ii^mdn)"^! - ^r]^n{d^X^dpXi + iip^Ydp^pi) 
An - 1 . . 

+ ^{0m(l)dn^-Vmn7^dP(j)dp(j))}, (4.13) 

F^ = ^rr(7"7^V^^9„X,), 

where we have identified the couphng constant = 1/ v^00 with the inverse radius of the 
sphere 5*^^^ Note that the gauge currents = Slweak/Sv^ identically vanish because 
the U{N) guage symmetry was generically broken down to U{1)^ in the limit under con- 
sideration. Note that we have still discrete Weyl symmetry Sn acting on the eigenvalues of 
matrix fields. After going to light-cone gauge X+ = 2p'^T (where p+ is a diagonalized N x 
N matrix), tp^ = which fixes the gauge completely |26|, we can solve the constraints ( 4.13 ) 
to determine the coordinates X~ and ip' as 

^mfidnX + SnfidmX + TjnmdoX 

= \p^'^Tr{d^X'drX + l^'limdn)'4'' " ^^llmnid" X' dpX' + l^'l^Op^') 



+%{dm4>dn4> - rirnn]:dP4>dM^ (4-14) 



^- = Vr(7"7V* dnX'), 

which leaves only the transverse components X', and as independent degrees of freedom 
(assuming that G S^'^^/Sn)- In terms of these transversal degrees of freedom only, the 
light-cone action is simply 



\ r - Att 

he = / rfVTr{a'"X^9 J + i^'i'^d^iP' + —d^ct>d„,ct>}. (4.15) 



1 /■ .o ^ ... ... 47r 

The light-cone action ( [4. 151 ) consists of two parts. The NxN matrix fields X* and trans- 



form in the 8„ representation of the transversal SO (8) symmetry group. Apart from these 
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fields, we have the scalar field defined on the orbifold S^~^/Sn which can be identified 
with the coset space S'^^^/Sn — SO{N)/ SO{N — 1) x Sn as the target manifold. The 
diagonalized matrix fields X* and ip'^ define the S'iv-orbifold CFT on the N-fold symmetric 
product space S^H^ = (II^)^/Sn- which has been already discussed. 

The scalar fields define so-called ^Tv-orbifold 0(N) sigma model. The most simplest 
nontrivial example is a Z2-orbifold 0(2) sigma model which has been extensively studied so 
far ||3^j33[| . This model describes a free massless scalar field compactified on the orbifold 
S^/Z2, known to describe the critical line of the Ashkin- Teller model, i.e. two Ising models 
coupled by a four spin interaction. Recall that the circle 5*^ is just the quotient of an infinite 
line R by a discrete group F = 27ri?Z, i.e. 5^ = R/F. This orbifold 0(2) model exhibits a 
quite interesting property, say that the R = \pl torus model, compactified on a circle instead 
of an orbifold, which has an SU{2) x SU{2) symmetry and the R = 1 orbifold model, which 
is equivalent to two decoupled Ising models and consequently carries a representation of 
two c = I Virasoro algebras, is exactly equivalent to each other []32| , ^ . It is a kind of 
an electric-magnetic S-duality relating the models at R and 2/R, while, in our case, it is a 
T-duality 0. 

If a Wess-Zumino-Witten (WZW) term is included with the kinetic energy term, 
this theory can be described by the gauged WZW theory based on the coset model 
SO{N)/ SO{N — 1) X Sn using the Goddard, Kent, and Olive algebraic construction p8[ . 
This model provides a interesting property that the purely bosonic model is equivalent to 
a free fermion theory at a particular infrared fixed point [^. It has been known by the 
explicit analysis of 0(4) model with no orbifold group [^] that the radius of increases 
with energy, and as a result the local curvature tends to zero and in the infrared limit the 
radius decreases with decreasing energy, but it stops decreasing as it reaches its minimum 
critical radius which is the infrared fixed point having the fermionic description. Although 
the presence of these interesting phenomena, we don't completely identify the spectrum of 
this theory with the string theory aspects, particularly involving with the mysterious eleven 
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dimensional M-theory. 



V. CONCLUSIONS 

According to the recent remarkable picture, so-called noncommutative spacetime ge- 
ometry, appeared in nonperturbative string theory and M(atrix)-theory, we, in this paper, 
considered NARNS superstring theory as a generalization of usual RNS string theory. It 
is a 2D supergravity theory coupled to SYM fields and adjoint matters in a gauge group 
U{N). Therefore the string coordinates of our theory are noncommuting matrices in the 
group U{N). In a region that the usual spacetime picture emerges, this theory is described 
by the orbifold conformal field theory, essentially second quantized string theory in large N 
limit, contrary to the ordinary RNS string theory which has a first quantized description. 

In the weak coupling limit that the SYM part must be considered and the super conformal 
symmetry is preserved, a new additional dimension appeared in the string spectrum, which 
is interpreted as compactified eleven dimension in this paper. This additional degree of 
freedom is interestingly described by the ^Ar-orbifold 0(N) sigma model predicting that the 
size of this dimension increases in the ultraviolet limit and decreases in the infrared limit 



1^ . If a topological WZW term is included with the kinetic energy term, the size of the 
eleven dimension fiows to some critical value in the IR limit instead of fiowing to zero size, 
where the purely bosonic model is equivalent to a free fermion theory. But we don't ensure 
how the WZW term can be naturally introduced in the NARNS string action. It will be 
interesting for these phenomena to give a natural M-theory interpretation. 

Our matrix model is a worldsheet formulation compared to the Green-Schwarz formula- 
tion of MST by DVV. While the MST of DVV is the type IIA string theory in the Green- 
Schwarz light-cone formulation, it seems that the NARNS string theory provides a (non)- 
perturbative worldsheet matrix formulation of both type IIA and IIB superstring theory. 
The distinction of the type IIA and type IIB comes from the GSO projection independently 
performed on the right and left movers. The interaction of the NARNS string will be repre- 
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sented by a local operator via a perturbation of the S'iv-orbifold conformal field theory [§. 
Thus the identification of the vertex operator generating this interaction would be important 



to obtain a picture of interacting NARNS string. According to the recent argument |^ 
the interaction generating the elementary joining and splitting of strings may come from the 
holonomy of the gauge fields Vm through the monodromy of a twisted bundle. This implies 
that the gauge field on the string worldsheet is crucial in the dynamics of the theory. 

Our theory also has two parameters like as MST [§], a' and Qs, related with the string ten- 
sion T = l/2Tca' and the Yang-Mills coupling constant QyIj = ot'gl- The coupling constant 
Qs precisely plays the same role with the string coupling constant = e^'-^^^ dilaton)_ j£ 
the string interactions generating the elementary joining and splitting of strings are also cor- 
rectly reproduced in our model, the coupling constant Qs can be directly related to the string 
coupling A<j, since, in going from the one-string to the two-string and vice versa, the genus 
of the string worldsheet (Riemann surfaces) changes by one unit, so the vertex operator 
generating this interaction in our model must contain the factor = e"''^^^ dilaton) 

Compactification of the NARNS string theory means that some "matrix" string coor- 
dinates are defined over some compactified manifold. For example, if we compactify a 
coordinate on a circle of radius i?, the components (where the matrix indices 
i and j run from 1 to N) of the matrix X^ can then be expanded in terms of the Fourier 
modes over S'^ 

n 

where R = 1/271 R. The n-th Fourier mode X^^,^ exactly corresponds to the matrix com- 
ponent „j of Ref. ||23| which are based on the DO-brane basis where i and j are labels 



of N DO-branes and the coordinates open string coordinates connecting the i-th 

DO-brane within block m G Z and j-th DO-brane within n-th block. Therefore the compact- 



ification scenario of ||2^ can be equally applied to the NARNS string theory. 

Although our matrix formulation of string theory is restricted only to the case of closed 
strings with (1, 1) worldsheet supersymmetry, e.g. type IIA and type IIB, it seems to be 
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possible to extend to the cases of heterotic and type I strings. A naive conjecture for heterotic 
string and type I string is following: The matrix fields of the heterotic string are only 10- 
dimensional coordinates, -^^'^'^ and and the compactified left-moving coordinates 

Xl'-''" still remain C-number fields since they must identically generate the usual anomaly 
free gauge group SO{32) and Eg x Eg for the consitituent strings. And, for the type I string, 
the identical SO {32) Chan-Paton factor is globally assigned for the consitituent strings at 
the "boundary" of the strings and Z2 modding of type IIB matrix string theory. However 
it is not obvious how this naive scenario consistently works. 
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APPENDIX A: CONVENTIONS AND IDENTITIES 

The 2D bosonic metric is rjab 

rj'''' = diag(-l, +1) and e"^ = -e^"; = 1. (Al) 
The fermionic metric is e"^^ 

e"^ = = -e^"; e'' = 1- (A2) 

The spinors in this paper are Majorana in any case. Spin indices are raised and lowered by 
e"^ according to the rules 

r = e"X iJa = i^^ef3a, H = 0''^pa. (A3) 
The Dirac 7-matrices are represented in the Majorana and Weyl basis: 
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The index structure of the Dirac matrices is (7")^ ^. The bihnear form '?/^ir'?/'2 for spinors ipi 
and ip2 where F is any combination of 7-matrices means that 

^ir7/>2 = V^r(r)/7/>2^. (A5) 

The D-dimensional target space metric is g^"^ 

/'^ = diag(-l,+l,---,+l). (A6) 



The Cartan-Kilhng metric for U{N) Lie group in Eg. ( P-13| ) and its Lie algebra are fol- 
lowing 

Tr{TT') = [T^T^] = if'PTP, (A7) 

where /''^^ is the structure constant of semi-simple Lie algebra su{N). 
Finally, we list the useful identies 

(V^iV'2)V'3 = -^E(V^ir^^3)r^V'2, where ^^ = (l,7^75), 

l^l'la = 0, (A8) 

^17"' ■ ■ ■7""V'2 = (-)"V^27"" ■ ■ ■7"'V'i- 



APPENDIX B: SUPERSPACE OF SUPER- YANG-MILLS THEORY COUPLED 

TO 2D SUPERGRAVITY 

Up to our knowledge, there is no reference constructing the superspace formulation of 
2D = 1 supergravity coupled to A^ = 1 super- Yang-Mills theory. Thus, in this appendix, 
we will present the detailed solutions of the Binachi identity ( p.l9| ) or ( p.20| ) and discuss 
the supersymmetric Yang-Mills theory coupled 2D supergravity in the context of superspace 
formalism. 
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In order to solve the super- Yang-Mills Bianchi identities we need the results of the 



supergravity Bianchi identities (|2.12|) subject to the constraints (|2.21|) due to Howe p6|: 



T = -T = 

TaJ = -T„/ = ^(7a)/^, (Bl) 

where S is the curvature superfield in the Eq.( |2.24] ). We write down the Bianchi identities 
( p.20| ) in component form: 

^[aFbc] - Tyab'F,^^ = 0, (B2) 

A(„F^^) - 2z7(%F^), = 0, (B3) 
2T^[/F,^p + Ta,^F^p = 0, (B4) 

2A(aF^)a + AaFap + 2Ta{a Fp)^ — Tap'' Fab = 0. (B5) 

From Eg. ([B3[) , one may obtain the relation 

Faa = -'-l/^ApF^a - {l'la)a^Fbp 

= -'-^/^ApF.a + ]:ilal% ^Fbp (B6) 

D 6 

It follows from Eg. ( ^.301 ) and the 2D identity, 7'^7*7a = that is of the form 

Wa = J ApW{z). (B7) 

Thus we obtain 

Faa='-{l,la)jApW{z). (B8) 

Using the above results, the Eg . (p5D leads to 
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Fai, = eab\{-^''W + tWS). (B9) 



It is also straightforward to obtain the following relations from the Eqs.( |B2D and ( |B3| ) : 



^{aFbc) = 0, (BIO) 

Aaie'^'Fab + '-WS) + tir)a^K^(iW = 0. (Bll) 

The first equation gives the usual Bianchi identity with respect to the Yang-Mills field 
strengths Fab- 

In summary, the SYM Bianchi identities can be completely solved together with the su- 
pertorsion components and the field strength Fbc can be represented by the scalar superfield 
W which is defined in terms of the spinor potential Aa- 

For reader's reference, we would like to present some sets of the inverse superzweibein 
Ea which are frequently used through this paper 

Ea"" = thn^^e^ - ^mr^na ^xn,, (bi2) 



Under the gauge transformation (|2.14| ) on A^, the component fields rj and n shift by the 
gauge transformations 

^x^f] = iC,+ igYMiv,^] 

6xn = ip + igYM[n, uj] + ^(r^C + C^), 

so that the fields rj and n can be completely gauged away. In this Wess-Zumino (WZ) gauge, 
r] = n = 0, the gauge transformations ( |2.33|) of the component fields Vm, 0, and A reduce to 
the ordinary gauge transformations: 

(5^0 = igYM [0, t^] , 
6^X = igYM[>^,uj]. 
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On the other hand, the supersymmetry transformation, (|2.34] ), of component fields can 
be directly calculated by using the Eq.( p.27D 

Sr] = i-f'^a Qm + ilbOi 4>, 

1 _ 1 _ 1 _ 

Sn = --ah + -a^'^^'^Xm Qn - ^"T'^Xm 0, 

% % % % 

^Qm = -a-fn^b + -a7"Xm5'n + ^a7m7^7"Xp 9n - -^OL^hl'^lrnXn 0, (B13) 

% % % 

i _ 1 1 

-^75Xm "T^T'^Xn + ^7""" 9mA - -75a (f)A, 

where V^gn = ^noPmg"'- The above supersymmetry transformations violate the WZ gauge 
condition r/ = = 0. We therefore need to make compensating gauge transformation to 
maintain the WZ gauge. This is achieved by choosing the gauge parameters as 

C = -7""" Vm - 0, 

z z z 



From Eq.( pi3|) , we can obtain the covariantized supersymmetry transformations (p.37| ) for 



the Yang-Mills multiplet {vm, 0, A) by straightforward calculation. In the calculation of the 
transformation 6X, we have used the following useful identities with respect to the helicity 
decomposition of the gravitino Xm- 

Xm X.m ~l~ 7mX5 7 X.m 0, 

7mXn 7nXm; 75Xm CCjimX ; (-^-'-4) 

'^XmXn = 9mnX ' X) XmlnXp ~ 0- 

In the WZ gauge, the scalar field strength W{z), ( p.31| ), can be calculated straightfor- 
wardly by using the Eqs.( p.23D , (|2.36| ), and ( pi2| ) and the result is 



W{z) = -2i<P + 2^75A - ^^7"Xm0 

-\eeC^v^n + ^A757"^Xm - ^Xn7'"7"Xm0 + ^0}. (B15) 
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It is now straightforward although somewhat tedious to calculate ValV, Vaiy V°VI^ and 
EVaWV^W from the Eq.(|BT5|) to obtain the super- Yang- Mills action ( p^j) . 
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